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Abstract
We construct a cover of a graph X by blowing up each vertex to a set of r vertices
and joining each pair of sets corresponding to adjacent vertices by a matching with r
edges. To each cover Y of X we associate a polynomial ξ(Y, t), called the transversal
polynomial. The coefficient tk of ξ(Y, t) is the number of k-edge induced subgraphs of
Y whose vertex set is a transversal of the set system given by the blown-up vertices.
We show that ξ(Y, t) satisfies a contraction-deletion formula, and that if n = |V (X)|
and the cover has index r, then ξ(Y,−(r − 1)) ≡ 0 mod rn. We see that ξ(Y, t) has
interesting connections to unique label covers and correspondence colouring.
1 Introduction
Covers of graphs occur under many guises in numerous parts of graph theory. In this paper we
are concerned with some counting problems and a particular generating function associated
with covers of a graph. First we introduce the necessary terminology.
An arc in a (undirected) graph is an ordered pair of adjacent vertices (so each edge
provides two arcs). An arc function of index r on a graph X is a function, α say, from the
arcs of X to the symmetric group Sym(r), such that if (a, b) is an arc in X , then
α(a, b)α(b, a) = 1.
Given a graph X and an arc function α, the cover Xα is the graph with vertex set
V (X)× {1, . . . , r}
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where (x, i) is adjacent to (y, j) if (x, y) is an arc and the permutation α(x, y) maps i to j.
The sets
{(x, i) : i = 1, . . . , r}
are called the fibres of the cover, they are cocliques in Xα. We may refer to a cover of index
r as an r-fold cover.
Less formally, we construct Xα by blowing up each vertex of X into a coclique of size
r, and then joining two cocliques corresponding to adjacent vertices of X by a matching of
size r. The 3-cube provides a simple example; the pairs of vertices at distance three are the
fibres of a cover of K4 with index two, as shown in Figure 1.
ǫ
ǫ
(1, 2)
(1, 2)
(1, 2)
(1, 2)
Figure 1: An example of the cube as a 2-fold cover of K4. From left to right, we have K4
with an arc-labelling function (ǫ denotes the identity permutation), the cover graph obtain,
and the cover graph redrawn in the traditional depiction of the cube.
A transversal of the set of fibres is a set of |V (X)| vertices, one from each fibre, and a
subgraph of Xα induced by a transversal is called a transversal subgraph.
Given a cover Y of X , the object of interest to us is the generating function
ξ(Y, t) =
∑
H
t|E(H)|,
where the sum runs over all the transversal subgraphs H of Y = Xα. We call We call ξ(Y, t)
the transversal polynomial of the cover. If X has n vertices, then there are rn transversal
subgraphs and so ξ(Xα, 1) = rn, and it is clear that ξ(Y, t) is a polynomial of degree at most
|E(X)|.
There are two main results in this paper. The first is a contraction-deletion recurrence
formula for ξ(Xα, t) which relies on particular variants of the usual contraction and deletion
operations for graphs. Denoting these by by Xα/e and Xα \ e respectively, we get the
following result:
1.1 Theorem. For any edge e of X ,
ξ(Xα, t) = (t− 1)ξ(Xα/e, t) + ξ(Xα \ e, t).
We also establish a congruence condition on ξ(Y,−(r − 1)) when Y is an r-fold cover.
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1.2 Theorem. For any r-fold cover Y of a graph X with n vertices,
ξ(Y,−(r − 1)) ≡ 0 mod rn.
In Section 6, we note some connections between the transversal polynomial and correspon-
dence colouring, and between the transversal polynomial and the unique games conjecture.
2 Multigraphs and Covers
Our definition of cover graph in Section 1 was chosen for clarity; for the actual work we need
a more sophisticated approach, since our contraction operation will produce multigraphs.
This means two definitions are needed.
First, a multigraph consists of a vertex set V , and edge set E and a function ρ on E
whise values are either elements of V or unordered pairs of vertices from V . If e ∈ E and
ρ(e) is a singleton, we say that e is a loop. It will usually be both possible and convenient
to avoid explicit reference to ρ. If e and f are edges such that ρ(e) = ρ(f), we say that e
and f are parallel.
We define the valency of a vertex to be the number of non-loop edges on it plus twice
the number of loops. We remark that this is consistent with the definition of valency in the
context of graphs embedded on surfaces.
A homomorphism from a multigraph (V1, E1) to a multigraph (V2, E2) is a map h : V1 →
V2 such that the image of each edge is an edge (or loop). Note that a loop must be mapped
to a loop. A homomorphism h is a local bijection if for each vertex u, the number of non-loop
edges on u and h(u) are equal and the number of loops on u and h(u) are equal. If X and Y
are multigraphs and there is a locally bijective homomorphism h from X to Y , we say that
(X, h) is a cover of Y . In this case we will call h a covering map.
If (Y, h) is a cover of X and v is a vertex in X , the fibre of h at v is the set
{h−1(v) : u ∈ V (Y ), h(u) = v}.
If there is no loop on v, its fibre is a coclique in Y . If there is exactly one loop on v, the
fibre at v is a disjoint union of cycles (and loops are cycles); in other words it is a 2-regular
graph. If there are exactly ℓ loops on v, its fibre is a 2ℓ-regular subgraph along with a
2-factorization. If vw ∈ E(Y ), its preimage relative to h is a disjoint union of edges. We will
state the following lemma without proof; a proof for simple graphs can be found in [2].
2.1 Lemma. If h : Y → X is a covering map and X is connected, then all fibres of h have
the same size.
We present a construction of covers of multigraphs of index r. An arc is an oriented edge
or a loop. For a multigraph X , the arcs of X consists of the loops of X and, for each edge,
two arcs, which are oppositely oriented edges. An arc function on X is a function α from
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the arcs of X into a group G, such that if e and f are the two orientations of the same edge,
then
α(e)α(f) = 1.
Assume α is an arc function taking values in the symmetric group Sym(r). Let Y be the
graph with vertex set
V (X)× {1, . . . , r}.
If there is an arc e from vertex u to vertex v, we add to Y the edges
{((u, i), (v, iα(e)) : i = 1, . . . , r},
and if f is a loop on the vertex u, we add the edges
{((u, i), (u, iα(f))}, {((u, iα(f)), (u, i)}.
If α is an arc function on X , we use Xα to denote the associated cover.
As an example to illustrate these definitions, we give a 3-fold cover of K3 in Figure 2. On
the left, we show an arc function α on the arcs of K3; the permutations are given in cyclic
notation and ǫ denotes the identity permutation. In the center of Figure 2, we have the K3
with the arc functions depicted as perfect matchings between sets of {1, 2, 3} at each vertex.
On the right of the figure, we have the graph resulting from the 3-fold cover of K3, as given
by the arc function. For this arc function, we can compute that
ξ(Kα3 , t) = t
3 + 6t2 + 12t+ 8.
ǫ
ǫ
(12)
(12)
(123)
(132)
3
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3
2
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2
1
Figure 2: An example of a 3-fold cover of K3.
We note that one place where covers arise in graph theory is in the study of embeddings of
graphs in surfaces. (See, e.g., Gross and Tucker [4].) Where we use arc functions and covers,
they speak of voltage assignments and voltage graphs, and the class of covers considered
is somwhat less general than ours (for the topologically initiated, they work with regular
covers).
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3 Contraction and Deletion
We consider an r-fold cover Xα of a graph X with arc function α. If e is an arc directed
from u to v, then we say u is the tail of e and v is the head of e. In general, t(e) and h(e)
refer to the tail and head of e respectively. The contraction of Xα at an edge e, denoted
Xα/e, is the graph obtained from Xα by contracting the perfect matching between the
fibres corresponding to h(e) and t(e). Note that we delete the contracted edges, but not any
parallel copies, which become loops. It turns that Xα/e is an r-fold cover of X/e with arc
function α/e given as follows:
α/e(f) =


α(f)α(e)−1, if h(f) = h(e);
α(e)α(f), if h(e) = t(f); and
α(f), otherwise.
Note that deleting an edge e in X corresponds to deleting the perfect matching between
the fibres associated with h(e) and t(e). This graph, which we denote Xα \ e, is an r-fold
cover of X \ e with arc function α\e which is simply the restriction of α to E \ e.
3.1 Theorem. For any edge e of X ,
ξ(Xα, t) = (t− 1)ξ(Xα/e, t) + ξ(Xα \ e, t).
Proof. In Xα, the edge e = uv corresponds to the matching {e1, . . . , er} where ei is incident
with (u, i) and (v, iα(e)). We consider a transversal subgraph S of Xα. If (u, i) and (v, iα(e))
are both vertices of S, for some i, then S contains edge ei and no other edge from {e1, . . . , er}.
Otherwise, S contains none of {e1, . . . , er}.
Let S0 be the set of transversal subgraphs ofX
α which contain no edge in {e1, . . . , er} and
S1 be the set of transversal subgraphs of X
α which contain exactly one edge in {e1, . . . , er}.
Note S0 and S1 partition the set of all transversal subgraphs of X
α and so
ξ(Xα, t) =
∑
H∈S0
t|E(H)| +
∑
H∈S1
t|E(H)|.
We will show that S1 is in one-to-one correspondence with set of transversal subgraphs
of Xα/e. We will then show that the set of transversal subgraphs of Xα \ e is in one-to-one
correspondence with the disjoint union of S0 with the set of transversal subgraphs of X
α/e.
The formula will then follow.
To see that S1 is in one-to-one correspondence with the set of transversal subgraphs of
Xα/e, consider S ∈ S1 and let ei be the edge of {e1, . . . , er} in S. Since we contract along
the perfect matching corresponding to e, in Xα/e, the ends of ei are contracted together to
form a new vertex, say wi. If we replace the ends of ei with wi in V (S), we obtain a vertex of
a transversal subgraph of Xα/e, say ψ(S). It is easy to see that this process can be reversed
and that if ψ(S) = ψ(S ′) then S = S ′. We observe that ψ(S) has exactly one less edge than
S and thus we have ∑
H∈S1
t|E(H)| = t ξ(Xα/e, t).
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For the next part, consider a transversal subgraph S of Xα \ e. Let i be such that
(u, i) ∈ V (S) and let j be such that (v, j) ∈ V (S). If j 6= iα(uv), then V (S) induces
a transversal subgraph of Xα which does not contain any of {e1, . . . , er} and is thus an
element of S0. On the other hand, if j = i
α(uv) then V (S) induces a transversal subgraph of
Xα which contains ei and is an element of S1. In first case, the transversal induced by V (S)
in Xα contains the same number of edges as S. In the second case, S has the same number
of edges as ψ(S), with ψ as given in the previous paragraph. We obtain that
ξ(Xα \ e, t) =
∑
H∈S0
t|E(H)| + ξ(Xα/e, t).
The result now follows.
This contraction-deletion formula will be very useful. For example, we show in the next
corollary that every r-fold cover of a tree on n vertices has the same transversal polynomial.
3.2 Corollary. If X is a tree on n vertices, then any r-fold cover Xα of X has transversal
polynomial
ξ(Xα, t) =
n−1∑
j=0
r(r − 1)n−1−j
(
n− 1
j
)
tj .
Proof. First, we observe that since a tree has no cycles, any r-fold cover of X will be
isomorphic to the disjoint union of r copies of X . Thus we may assume that the arc function
is the identity on every arc.
Let fn,r(t) =
∑n−1
j=0 r(r − 1)
n−1−j
(
n−1
j
)
tj. We observe that fn,r(t) satisfies the recurrence
that fn,r(t) = (t+ r − 1)fn−1,r(t).
We proceed by induction on the number of vertices. In the base case, if X is a tree on
1 vertex, it is easy to see that ξ(Xα, t) = r = f1,r(t). If X is a tree on two vertices, we can
verify that
ξ(Xα, t) = rt+ r(r − 1) = f2,r(t).
Suppose that every r-fold cover of a tree on k vertices, where k < n, has ξ(Xα, t) = fk,r(t).
We consider a tree X on n vertices and let e = uv be a leaf of X where u has degree one in
X . We will apply the contraction-deletion formula to e and obtain
ξ(Xα, t) = (t− 1)ξ(Xα/e, t) + ξ(Xα \ e, t) = (t− 1)fn−1,r(t) + ξ(X
α \ e, t).
Observe that since vertices in the fibre of u in Xα \ e are not incident to any edges, we have
that ξ(Xα \ e, t) = rfn−1,r(t) and so
ξ(Xα, t) = (t− 1 + r)fn−1,r(t)
and the result follows.
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4 Evaluating at −(r − 1) modulo r
4.1 Lemma. If X is a graph with m loops on a single vertex, then for any r-fold cover Xα
ξ(Xα,−(r − 1)) ≡ 0 mod r.
Proof. Let X be a multigraph with one vertex and m loops, with arc-function α taking
values in Sym(r). Let n(i) be the number of loops ℓ such that α(ℓ) has i as a fixed point.
We see that
ξ(Xα, t) =
r∑
i=1
tn(i).
We want to show that
r∑
i=1
(−r + 1)n(i) ≡ 0 mod r.
We will proceed by induction onm, the number of loops. Ifm = 0, we have that ξ(Xα, t) = r.
Suppose m = 1 and let ℓ be the only loop of X . Let F be the set of fixed points of α(ℓ). We
see that
ξ(Xα, t) = r − |F |+
∑
i∈F
t
and so
ξ(Xα,−r + 1) = r − |F |+
∑
i∈F
−r + 1 = r − |F | − r|F |+ |F | = r(1− |F |) ≡ 0 mod r.
Now suppose that X has at least 2 loops and let ℓ be a loop of X . Again we let F be the
set of fixed points of α(ℓ). Let n(i) be the number of loops ℓ′ 6= ℓ such that α(ℓ′) has i as a
fixed point. We obtain that
ξ(Xα, t) =
∑
i/∈F
tn(i) +
∑
i∈F
tn(i)+1 =
∑
i/∈F
tn(i) + t
∑
i∈F
tn(i).
Observe that
ξ(Xα \ ℓ, t) =
∑
i/∈F
tn(i) +
∑
i∈F
tn(i)
and so
ξ(Xα, t) = ξ(Xα \ ℓ, t)−
∑
i∈F
tn(i) + t
∑
i∈F
tn(i) = ξ(Xα \ ℓ, t) + (t− 1)
∑
i∈F
tn(i).
We see that
ξ(Xα,−r + 1) = ξ(Xα \ ℓ,−r + 1) + (−r)
∑
i∈F
tn(i) ≡ 0 mod r
by the induction hypothesis, and the statement follows.
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4.2 Theorem. For any r-fold cover of a graph X with n vertices,
ξ(Xα,−(r − 1)) ≡ 0 mod rn.
Proof. We proceed by (double) induction on the number of edges and the number of vertices.
The inductive step follows from the contraction-deletion formula. The base case is one vertex
with loops, which was proven in the previous lemma.
5 Two-fold covers
For r = 2 we can give a more precise statement, according to whether the underlying graph
X is eulerian or otherwise. Here a loop contributes 2 to the degree of its vertex.
The following result relies on the observation that in a 2-fold cover, any two fibres are
joined by a union (possibly empty) of perfect matchings. In particular, the edges come in
pairs, so that each edge uivj is paired with u3−iv3−j, which is the other edge in the perfect
matching.
5.1 Theorem. If X is an n-vertex graph and α an arc-labelling function of index 2, then
ξ(Xα,−1) =
{
±2n, if X is eulerian; and
0, otherwise.
Proof. Let Y = Xα be the 2-fold cover of X determined by the arc-labelling function α. It
is convenient to first assume that X has no loops, so that the fibres of Y are cocliques of
size 2. If H is a transversal subgraph of Y , then for each vertex u ∈ V (X), either u1 or u2
is a vertex of H . If u1 is a vertex of H , then we can form a new transversal subgraph H
′ by
replacing u1 by u2. Consider now the effect of this exchange on the number of edges of H
and H ′. We partition the edges of Y that are incident with either u1 or u2 into four groups
according to whether the edge is incident with u1 or u2 and whether its other vertex is in
V (H) or not. So let A be the edges incident with u1 and another vertex H , let B be the
edges incident with u1 and a vertex not in H , and let C and D respectively be the sets of
paired edges of A and B.
It is then clear that
E(H ′) = E(H) ∪D\A
because A is the set of edges of H that were lost when u1 was removed, while D is the set
of edges that were gained when u2 was included. If u (and therefore both u1 and u2) has
degree d, then d = |A|+ |B| and by their definition we have |A| = |C| and |B| = |D| and so
|D| − |A| = |D| − (d− |B|) = |D| − (d− |D|) = 2|D| − d.
If d is even then this number is also even, and so replacing any vertex in a transversal
subgraph with the other vertex in its fibre does not change the parity of the number of edges
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of the corresponding transversal subgraph. Either every transversal subgraph contributes
+1 to ξ(Xα,−1) or every transversal subgraph contributes −1 and so the result follows.
If X is not Eulerian then there is some vertex u ∈ V (X) of odd degree. Then for
each transversal subgraph of X containing u1, there is a corresponding transversal subgraph
containing u2 such that the numbers of edges of the two transversal subgraphs have the
opposite parity and therefore cancel out in the evaluation of ξ(Xα,−1).
Finally we consider the situation when X has loops. Any loop on the vertex u ∈ V (X)
either contributes a double-edge from u1 to u2 or a pair of loops, one on u1 and one on u2.
In the former case, these “within-fibre” edges can never be in any transversal subgraph and
they do not alter the parity of the degree of u, and so they can be ignored. In the latter case,
if u1 is replaced with u2, then the loops on u1 are replaced by the loops on u2. Therefore the
number of loops is the same for every transversal subgraph and so again they can be ignored.
Insisting that each loop contributes 2 to the degree provides a statement that incorporates
graphs with loops while ensuring they have no effect on the remainder of the argument.
6 Relation to correspondence colouring and unique la-
bel cover
Transversal subgraph graphs of covers of graphs has links to two important problems; corre-
spondence colouring and the Unique Label Cover problem. We will explain these interesting
connections in this section.
Correspondence colouring was introduced by Dvorak and Postle in [1], as a generalization
of list-colouring, to show that every planar graph without cycles of lengths 4, 5, 6, 7, 8 is 3-
choosable. For a graph X = (V,E), they define a k-correspondence assignment as a function
C, which assigns to each edge e = uv ∈ E a partial matching Ce between (u, 1), . . . , (u, k)
and (v, 1), . . . , (v, k). The graph is C-colourable if there exists a map φ : V → [k] such that,
for each edge e = uv, we have that (u, φ(u)) and (v, φ(v)) are not adjacent in Ce; the map φ
is a correspondence colouring. The assignment is full at an edge if C assigns to it a perfect
matching. The authors of [1] note that an r-fold cover (also an r-lift in their terminology)
is an r-correspondence assignment that is full at every edge.
In our setting, a correspondence colouring of X with α as the correspondence assign-
ment is a transversal coclique of Xα and thus the constant term of ξ(Xα, t) is number of
correspondence colourings of Xα.
The Unique Games Conjecture [5] is important because its truth would imply the opti-
mality of approximation algorithms for several NP-hard problems. For example, it is shown
in [6] that the algorithm of Goemans and Williamson for approximating the maximum cut
in a graph, see [3], has an approximation ratio which is optimal up to an additive constant,
assuming that the Unique Games Conjecture is true and that P is not equal to NP. We will
describe the problem using the terminology of this paper.
A Unique Games instance consists of an r-fold cover Xα of a graph X . A labelling
φ is a mapping from V (X) to [r]. We say that a labelling φ satisfies an edge e = uv if
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(u, φ(u)) and (v, φ(v)) are adjacent in Xα. The problem is so-named because if there exists
a labelling which satisfies every edge of the graph, then choosing the correct labelling at one
vertex uniquely determines the labelling at the other vertices. Thus, the existence of such a
labelling can be determined in polynomial time.
In this context, a labelling corresponds to a transversal subgraph of Xα. The number of
edges that a labelling satisfies is equal to the number of edges in the corresponding transversal
subgraph. For example, a labelling satisfying every edge of X is a transversal subgraph of
Xα with |E(X)| edges. Thus, we see that the degree of ξ(Xα, t) is the maximum number of
edges satisfied by a labelling. We may restate the Unique Games Conjecture in our language
as follows.
6.1 Conjecture. (Khot [5]) For all ǫ, δ > 0, there exists r = r(ǫ, δ) such that given an
r-fold cover Xα of a graph X , it is NP-hard to distinguish between the following two cases:
(a) deg(ξ(Xα, t)) ≥ (1− ǫ)|E(X)|;
(b) deg(ξ(Xα, t)) ≤ δ|E(X)|.
7 Open problems and future directions
Observe that if no correspondence colouring exists in a r-fold cover of a graph X with arc
function α, then
ξ(Xα,−(r − 1)) ≡ 0 mod r − 1.
Since r and r−1 are consecutive integers, they are also coprime and so we see from the main
theorem that
ξ(Xα,−(r − 1)) ≡ 0 mod rn(r − 1).
A natural question one can ask is: for a fixed k ∈ Z, what are necessary and sufficient
conditions such that ξ(Xα,−(r − 1)) = krn? In particular, a characterization of covers Y
such ξ(Y,−(r − 1)) = 0 would be interesting.
We can also consider a bivariate version of this polynomial as follows. Let c(Y ) denote
the number of components of Y for any graph Y . For an r-fold cover Xα, we define the
following polynomial in variables t and s:
ζ(Xα, t, s) =
∑
H
t|E(H)|sc(H),
where the sum runs over all the transversal subgraphs H of Xα. Note that
ζ(Xα, t, 1) = ξ(Xα, t).
One may ask if this polynomial also satisfies a contraction-deletion formula.
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